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In this paper, a robust adaptive sliding mode controller (RASMC) is proposed to realize
chaos synchronization between two different chaotic systems with uncertainties, external
disturbances and fully unknown parameters. It is assumed that both master and slave cha-
otic systems are perturbed by uncertainties, external disturbances and unknown parame-
ters. The bounds of the uncertainties and external disturbances are assumed to be
unknown in advance. Suitable update laws are designed to tackle the uncertainties, exter-
nal disturbances and unknown parameters. For constructing the RASMC a simple sliding
surface is first designed. Then, the RASMC is derived to guarantee the occurrence of the
sliding motion. The robustness and stability of the proposed RASMC is proved using Lyapu-
nov stability theory. Finally, the introduced RASMC is applied to achieve chaos synchroni-
zation between three different pairs of the chaotic systems (Lorenz–Chen, Chen–Lorenz,
and Liu–Lorenz) in the presence of the uncertainties, external disturbances and unknown
parameters. Some numerical simulations are given to demonstrate the robustness and effi-
ciency of the proposed RASMC.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

In the past few decades, much attention has been gained for the study of nonlinear science, especially chaos. Chaos is a
particular case of nonlinear dynamics that has some specific characteristics such as extraordinary sensitivity to initial con-
ditions and system parameter variations, broad Fourier transform spectra and fractal properties of the motion in the phase
space. Due to these especial properties, chaos has been used in many practical engineering areas such as chemical reactions,
power converters, secure communications, information processing, biological systems and mechanical systems [1–3] and
many various control techniques have been proposed for controlling and synchronizing of chaotic systems, including sliding
mode control [4–6], optimal control [7–9], adaptive control [10,11], nonlinear feedback control [12], backstepping method
[13,14], passive control [15], H1 approach [16], fuzzy logic control [17], PID control [18], etc.

In addition to the control and stabilization of chaos, synchronization of chaotic systems is a fascinating concept which has
been received considerable interest among nonlinear scientists in recent times. For chaos synchronization there are two cha-
otic systems called the master (drive) system and slave (response) system. The objective of the designed controller for syn-
chronization is to make the output of the master system follows the output of the slave system asymptotically.

Unfortunately, most of the above mentioned works on chaos synchronization have focused on chaotic systems without
model uncertainties and external disturbances in both master and slave systems. However, in practical applications, due to
the modeling errors, structural variations of the systems and un-modeled dynamics uncertainties are present in the chaotic
. All rights reserved.
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system dynamics. Moreover, in practical situations, chaotic systems are unavoidably affected by external disturbances such
as environment and measurement noises. So, synchronization of chaotic systems with uncertainties and external distur-
bances is effectively significant in applications. In this regard, some researchers have proposed a number of techniques
for synchronization of uncertain chaotic systems that includes nonlinear feedback control [19], sliding mode control [20–
24], backstepping procedure [25], linear state feedback control [26,27], active control [28] and some other methods.

However, all of the mentioned above works have a common serious drawback: they have concentrated on the synchro-
nization of two identical chaotic systems. But, the method of the synchronization of two different chaotic systems is far from
being straightforward. Also, in many real world applications, there are no exactly two identical chaotic systems. Therefore,
the problem of chaos synchronization between two different uncertain chaotic systems is an important research issue. And a
few researchers have developed some techniques for it that includes sliding mode control [29–31] and neural fuzzy control
[32].

Nevertheless, the previous methods have studied chaotic systems with fully (or partially) known parameters. While, in
practice, it is hard to exactly determine the values of the system parameters in priori. Therefore, synchronization of chaotic
systems with unknown parameters is essential and useful in real-life applications. Consequently, some approaches, such as
sliding mode control [33,34], finite-time based control [35], adaptive control [36–39], optimal control [40,41], fuzzy control
[42–44], have been developed for synchronization of two identical chaotic systems with unknown parameters and some
methods, such as adaptive control [45–49], sliding mode control [50] and backstepping method [51], have been proposed
for synchronization of two different chaotic systems with unknown parameters.

In conclusion, to the best knowledge of the authors, the challenging problem of chaos synchronization between two dif-
ferent chaotic systems in spite of uncertainties, external disturbances and unknown parameters in both master and slave
chaotic systems is not studied to this date. Therefore, the main purpose of this paper is to design a robust adaptive sliding
mode controller (RASMC) to synchronize two different chaotic systems in the presence of uncertainties, external distur-
bances and fully unknown parameters in both master and slave chaotic systems. It is assumed that the bounds of the uncer-
tainties and external disturbances are unknown in advance. A simple suitable sliding surface, which includes
synchronization errors, is constructed. Appropriate update laws are derived to tackle the uncertainties, external disturbances
and unknown parameters. Then, on the basis of the update laws, the RASMC is designed to guarantee the existence of the
sliding motion. The stability and robustness of the proposed RASMC is proved using Lyapunov stability theory. Finally, three
well-known chaotic systems (Lorenz, Chen, and Liu systems) are used to verify the applicability and efficiency of the intro-
duced RASMC.

The organization of this paper is as follows. In Section 2, system description and problem formulation are presented. In
Section 3, the design procedure of the proposed RASMC is given. Simulation results are included in Section 4. Finally, Sec-
tion 5 ends this paper with some concluding remarks.
2. System description and problem formulation

In this paper, the n-dimensional master and slave chaotic systems with uncertainties, external disturbances and unknown
parameters are given as follows:

Master system:
_x1ðtÞ ¼ f1ðx1; x2; . . . ; xnÞ þ F1ðx1; x2; . . . ; xnÞhþ Df1ðx1; x2; . . . ; xn; tÞ þ dm
1 ðtÞ

_x2ðtÞ ¼ f2ðx1; x2; . . . ; xnÞ þ F2ðx1; x2; . . . ; xnÞhþ Df2ðx1; x2; . . . ; xn; tÞ þ dm
2 ðtÞ

..

.

_xnðtÞ ¼ fnðx1; x2; . . . ; xnÞ þ Fnðx1; x2; . . . ; xnÞhþ Dfnðx1; x2; . . . ; xn; tÞ þ dm
n ðtÞ ð1Þ
Slave system:
_y1ðtÞ ¼ g1ðy1; y2; . . . ; ynÞ þ G1ðy1; y2; . . . ; ynÞwþ Dg1ðy1; y2; . . . ; yn; tÞ þ ds
1ðtÞ þ u1ðtÞ

_y2ðtÞ ¼ g2ðy1; y2; . . . ; ynÞ þ G2ðy1; y2; . . . ; ynÞwþ Dg2ðy1; y2; . . . ; yn; tÞ þ ds
2ðtÞ þ u2ðtÞ

..

.

_ynðtÞ ¼ gnðy1; y2; . . . ; ynÞ þ Gnðy1; y2; . . . ; ynÞwþ Dgnðy1; y2; . . . ; yn; tÞ þ ds
nðtÞ þ unðtÞ ð2Þ
where x(t) = [x1,x2, . . . ,xn]T is the state vector of the master system, fi(x), i = 1,2, . . . ,n is a continuous nonlinear function, Fi(x),
i = 1,2, . . . ,n is ith row of an n �m matrix (F(x)) whose elements are continuous nonlinear functions, h is an m � 1 unknown
vector parameter of the master system, Df(x, t) = [Df1(x, t),Df2(x, t), . . . ,Dfn(x, t)]T and dmðtÞ ¼ dm

1 ðtÞ; d
m
2 ðtÞ; . . . ; dm

n ðtÞ
� �T

are the
vectors of unknown uncertainties and external disturbances of the master system, respectively, y(t) = [y1,y2, . . . ,yn]T is the
state vector of the slave system, gi(y), i = 1,2, . . . ,n is a continuous nonlinear function, Gi(y), i = 1,2, . . . ,n is ith row of an
n �m matrix G(y) whose elements are continuous nonlinear functions, w is an m � 1 unknown vector parameter of the
slave system, Dg(y, t) = [Dg1(y, t),Dg2(y, t), . . . ,Dgn(y, t)]T and dsðtÞ ¼ ds

1ðtÞ; d
s
2ðtÞ; . . . ; ds

nðtÞ
� �T

are the vectors of unknown
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uncertainties and external disturbances of the slave system, respectively, and u(t) = [u1(t),u2(t), . . . ,un(t)]T is the vector of
control inputs.

Assumption 1. Since the trajectories of chaotic systems are always bounded, then the unknown uncertainties Df(x, t) and
Dg(y, t) are assumed to be bounded. Therefore, there exist appropriate positive constants am

i and as
i ; i ¼ 1;2; . . . ;n such that
jDfiðx; tÞj < am
i and jDgiðy; tÞj < as

i ; i ¼ 1;2; . . . ;n ð3Þ
As a result, one can conclude that
jDfiðx; tÞ � Dgiðy; tÞj < ai; i ¼ 1;2; . . . ; n ð4Þ
Assumption 2. In general, it is assumed that the external disturbances are norm-bounded in C1, i.e.
dm
i ðtÞ

�� �� < bm
i and ds

i ðtÞ
�� �� < bs

i ; i ¼ 1;2; . . . ;n: ð5Þ
Consequently, one can obtain that
dm
i ðtÞ � ds

i ðtÞ
�� �� < bi; i ¼ 1;2; . . . ; n: ð6Þ
Assumption 3. The constants ai and bi, i = 1,2, . . . ,n are unknown.

To solve the synchronization problem, the error between the master system (1) and slave systems (2) can be defined as
e(t) = x(t) � y(t). Then with subtracting Eq. (2) from Eq. (1) the error dynamics is obtained as follows:
_e1ðtÞ ¼ f1ðxÞ þ F1ðxÞhþ Df1ðx; tÞ þ dm
1 ðtÞ � g1ðyÞ � G1ðyÞw� Dg1ðy; tÞ � ds

1ðtÞ � u1ðtÞ

_e2ðtÞ ¼ f2ðxÞ þ F2ðxÞhþ Df2ðx; tÞ þ dm
2 ðtÞ � g2ðyÞ � G2ðyÞw� Dg2ðy; tÞ � ds

2ðtÞ � u2ðtÞ

..

.

_enðtÞ ¼ fnðxÞ þ FnðxÞhþ Dfnðx; tÞ þ dm
n ðtÞ � gnðyÞ � GnðyÞw� Dgnðy; tÞ � ds

nðtÞ � unðtÞ ð7Þ
It is clear that the synchronization problem can be transformed to the equivalent problem of stabilizing the error system (7).
The objective of this paper is that for any given master chaotic system (1) and slave chaotic system (2) with the uncertainties,
external disturbances and unknown parameters a suitable feedback control law u(t) is designed such that the asymptotical
stability of the resulting error system (7) can be achieved in the sense that limt?1ke(t)k = 0 or equivalently x(t) ? y(t) as
t ?1.
3. Design of robust adaptive sliding mode controller

Sliding mode control [52] is a robust control method which has many interesting features such as low sensitivity to exter-
nal disturbances and robustness to the plant uncertainties due to structural variations and un-modeled dynamics. The slid-
ing mode controller is composed of an equivalent control part that describes the behavior of the system when the
trajectories stay over the sliding surface and a variable structure control part that enforces the trajectories to reach the slid-
ing surface and remain on it evermore. Adaptive control is a suitable approach to overcome system uncertainties, especially
uncertainties derived from uncertain parameters. Adaptive sliding mode control has the advantages of combining the
robustness of the sliding mode control with the tracking facilities of the adaptive control.

As a result, the RASMC technique includes two major steps to achieve synchronization of two different chaotic systems
with uncertainties, external disturbances and unknown parameters. The first step is to select an appropriate sliding surface
with the desired behavior. Therefore, the sliding surface suitable for the application can be designed as:
siðtÞ ¼ kieiðtÞ; i ¼ 1;2; . . . ; n ð8Þ
where si(t) 2 R (s(t) = [s1(t),s2(t), . . . ,sn(t)]) and the sliding surface parameters ki are positive constants.
Having established the suitable sliding surface, the next step is to determine an input signal u(t) to guarantee that the

error system trajectories reach to the sliding surface s(t) = 0 (i.e. to satisfy the reaching condition sðtÞ _sðtÞ < 0) and stay on
it, forever. Therefore, to ensure the existence of the sliding motion a discontinuous control law is proposed as:
uiðtÞ ¼ fiðxÞ � giðyÞ þ F iðxÞĥ� GiðyÞŵþ ðâi þ b̂iÞsgnðsiÞ þ kisgnðsiÞ; i ¼ 1;2; . . . ;n ð9Þ
where ĥ; ŵ; âi and b̂i are estimations for h, w, ai and bi, respectively. ki > 0, i = 1,2, . . . ,n is the switching gain and a constant.
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To tackle the uncertainties, external disturbances and unknown parameters, appropriate update laws are defined as:
_̂
h ¼ ½FðxÞ�Tc; ĥð0Þ ¼ ĥ0

_̂
w ¼ �½GðyÞ�Tc; ŵð0Þ ¼ ŵ0

_̂ai ¼ kijsij; âið0Þ ¼ âi0

_̂bi ¼ kijsij; b̂ið0Þ ¼ b̂i0 ð10Þ
where c = [k1s1,k2s2, . . . ,knsn]T, and ĥ0; ŵ0; âi0 and b̂i0 are the initial values of the update parameters ĥ; ŵ; âi and b̂i,
respectively.

Based on the control input in (9) and update laws in (10), to guarantee the reaching condition sðtÞ _sðtÞ < 0 and to ensure the
occurrence of the sliding motion a theorem is proposed and proved. Before proceeding to the theorem, the Barbalat lemma is
presented.

Lemma 1 (Barbalat lemma [53]). If x: R ? R is a uniformly continuous function for t P 0 and if the limit of the integral
lim
t!1

Z t

0
xðkÞdk ð11Þ
exists and is finite, then
lim
t!1

xðtÞ ¼ 0 ð12Þ
Theorem 1. Consider the error dynamics (7), this system is controlled by u(t) in (9) with update laws in (10). Then the error sys-
tem trajectories will converge to the sliding surface s(t) = 0.
Proof. Selecting a positive definite function as a Lyapunov function candidate in the form of and
VðtÞ ¼ 1

2

Pn
i¼1 s2

i þ ðâi � aiÞ2 þ ðb̂i � biÞ
2

h i
þ 1

2 kĥ� hk2 þ 1
2 kŵ� wk2 taking its derivative with respect to time, one has
_VðtÞ ¼
Xn

i¼1

si _si þ ðâi � aiÞ _̂ai þ ðb̂i � biÞ
_̂bi

h i
þ ðĥ� hÞT _̂

hþ ðŵ� wÞT _̂
w ð13Þ
Since _si ¼ ki _ei, so replacing ėi from (7) into the above equation, we have
_VðtÞ ¼
Xn

i¼1

kisiðfiðxÞ þ F iðxÞhþ Dfiðx; tÞ þ dm
i ðtÞ � giðyÞ � GiðyÞw� Dgiðy; tÞ � ds

i ðtÞ � uiðtÞÞ þ ðâi � aiÞ _̂aþ ðb̂i � biÞ
_̂bi

h i

þ ðĥ� hÞT _̂
hþ ðŵ� wÞT _̂

w

ð14Þ

Introducing update laws in (10) into the right side of Eq. (14), one obtains
_VðtÞ ¼
Xn

i¼1

kisiðfiðxÞþF iðxÞhþDfiðx; tÞþdm
i ðtÞ� giðyÞ�GiðyÞw�Dgiðy; tÞ�ds

i ðtÞÞ� sikiuiðtÞ
�

þðâi�aiÞkijsijþ ðb̂i�biÞkijsij
i
þðĥ� hÞT ½FðxÞ�Tc�ðŵ�wÞT ½GðyÞ�Tc ð15Þ
Using the facts
Pn

i¼1kisiF iðxÞh ¼ hT ½FðxÞ�Tc and
Pn

i¼1kisiGiðyÞw ¼ wT ½GðyÞ�Tc, one has
_VðtÞ ¼
Xn

i¼1

kisiðfiðxÞ þ Dfiðx; tÞ þ dm
i ðtÞ � giðyÞ � Dgiðy; tÞ � ds

i ðtÞÞ � sikiuiðtÞ þ ðâi � aiÞkijsij þ ðb̂i � biÞkijsij
h i

þ ĥT ½FðxÞ�Tc� ŵT ½GðyÞ�Tc ð16Þ
Substituting ui(t) from (9) into (16), this yields
_VðtÞ ¼
Xn

i¼1

kisiðfiðxÞ þ Dfiðx; tÞ þ dm
i ðtÞ � giðyÞ � Dgiðy; tÞ � ds

i ðtÞÞ � siki fiðxÞ � giðyÞ þ F iðxÞĥ� GiðyÞŵ
�h

þðâi þ b̂iÞsgnðsiÞ þ kisgnðsiÞ
�
þ ðâi � aiÞkijsij þ ðb̂i � biÞkijsij

i
þ ĥT ½FðxÞ�Tc� ŵT ½GðyÞ�Tc ð17Þ
It is clear that
_VðtÞ6
Xn

i¼1

kijsijðjDfiðx; tÞ�Dgiðy; tÞjþ dm
i ðtÞ�ds

i ðtÞ
�� ��Þ� siki F iðxÞĥ�GiðyÞŵþðâiþ b̂iÞsgnðsiÞþkisgnðsiÞ

� �h
þðâi�aiÞkijsijþ ðb̂i�biÞkijsij

i
þ ĥT ½FðxÞ�Tc� ŵT ½GðyÞ�Tc ð18Þ
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By Assumptions 1 and 2, one can obtain
_VðtÞ 6
Xn

i¼1

kijsijðai þ biÞ � siki F iðxÞĥ� GiðyÞŵþ ðâi þ b̂iÞsgnðsiÞ þ kisgnðsiÞ
� �

þ ðâi � aiÞkijsij þ ðb̂i � biÞkijsij
h i

þ ĥT ½FðxÞ�Tc� ŵT ½GðyÞ�Tc ð19Þ
It is obvious that
_VðtÞ 6
Xn

i¼1

�siki F iðxÞĥ� GiðyÞŵþ ðâi þ b̂iÞsgnðsiÞ þ kisgnðsiÞ
� �

þ âikijsij þ b̂ikijsij
h i

þ ĥT ½FðxÞ�Tc� ŵT ½GðyÞ�Tc ð20Þ
By the facts
Pn

i¼1sikiF iðxÞĥ ¼ ĥT ½FðxÞ�Tc and
Pn

i¼1sikiGiðyÞŵ ¼ ŵT ½GðyÞ�Tc, one has
_VðtÞ 6
Xn

i¼1

�siki ðâi þ b̂iÞsgnðsiÞ þ kisgnðsiÞ
� �

þ âikijsij þ b̂ikijsij
h i

ð21Þ
Replacing sgn(si) by jsij/si into Eq. (21), this yields
_VðtÞ 6
Xn

i¼1

�ðâi þ b̂iÞkijsij � kikijsij þ âikijsij þ b̂ikijsij ð22Þ
It is apparent that
_VðtÞ 6 �
Xn

i¼1

kikijsij ¼ �
Xn

i¼1

gijsij ¼ �gjsj ð23Þ
where gi = kiki, i = 1,2, . . . ,n, g = [g1g2, . . . ,gn] > 0 and jsj = [js1j, js2j, . . . , jsnj]T. Therefore _VðtÞ becomes
_VðtÞ ¼ �gjsj ¼ �xðtÞ 6 0 ð24Þ
where x(t) = gjsjP 0. Integrating Eq. (24) from zero to t yields
Vð0ÞP VðtÞ þ
Z t

0
xðkÞdk ð25Þ
Since _VðtÞ 6 0;Vð0Þ � VðtÞP 0 is positive and finite and that results limt!1
R t

0 xðkÞdk exists and is finite (i.e.
limt!1

R t
0 xðkÞdk ¼ Vð0Þ � VðtÞP 0). Thus, according to the Barbalat lemma, it can be obtained that
lim
t!1

xðtÞ ¼ limt!1gjsj ¼ 0 ð26Þ
Since g is greater than zero, (26) implies s = 0. Thus the proof is achieved completely. h
Remark 1. Since the control law (9) contains the sign function as a hard switcher, the undesirable chattering phenomenon
occurs. In order to chattering reduction, the tanh(esi) function, (e > 0) is replaced by the sgn function in (9). Therefore, the
final control input becomes:
uiðtÞ ¼ fiðxÞ � giðyÞ þ F iðxÞðĥÞ � GiðyÞŵþ ðâi þ b̂iÞsgnðsiÞ þ ki tanhðesiÞ; i ¼ 1;2; . . . ;n ð27Þ
Remark 2. Replacing the tanh(esi) function by the sign(si) function in (9) has no effect on the robustness and stability of the
RASMC.

Before proving Remark 2, an auxiliary lemma is provided.
Lemma 2. For every given scalar a and positive scalar b the following inequality holds:
a tanhðabÞ ¼ ja tanhðabÞj ¼ jajj tanhðabÞjP 0 ð28Þ
.

Proof. From the mathematical definition of tanh(a), one has
a tanhðabÞ ¼ x
eab � e�ab

eab þ e�ab
ð29Þ
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Multiplying above equation by eab

eab, it yields
a tanhðabÞ ¼ 1
e2ab þ 1

� �
aðe2ab � 1Þ ð30Þ	
Since ðe2ab�1ÞP 0 if a P 0;
ðe2ab�1Þ < 0 if a < 0;

one can obtain
aðe2ab � 1ÞP 0 ð31Þ
Since 1
e2abþ1

� �
> 0 and from (31), one has
a tanhðabÞ ¼ 1
e2ab þ 1

� �
aðe2ab � 1ÞP 0 ð32Þ
Therefore, from the fact that for every scalars z and v, if zv P 0 then zv = jzvj = jzjjvjP 0 holds, one can conclude that
a tanhðabÞ ¼ ja tanhðabÞj ¼ jajj tanhðabÞjP 0 ð33Þ
and the proof is completed. h
Proof of Remark 2. Consider the Lyapunov function introduced in the Theorem 1. Replacing the tanh(esi) function by the sgn
function in (9) has no effect on the Eqs. (13)–(21). Therefore, from Eq. (22) one obtains
_VðtÞ 6 �
Xn

i¼1

½�kikisi tanhðesiÞ� ð34Þ
From lemma 2 and knowing that kiki > 0, i = 1,2, . . . ,n, one has
_VðtÞ 6 �
Xn

i¼1

½�kikisi tanhðesiÞ� ¼ �
Xn

i¼1

�kiki tanhðesiÞjjsij ¼ �
Xn

i¼1

fijsij ¼ �fjsj ð35Þ
where ni = kikijtanh(esi)j, i = 1,2, . . . ,n is greater than zero and is equal to zero only when si = 0, i = 1,2, . . . ,n and
f = [f1,f2, . . . ,fn]. Therefore _VðtÞ becomes
_VðtÞ ¼ �fjsj ¼ �xðtÞ 6 0 ð36Þ
Consequently, according to the Barbalat lemma, it can be concluded that s = 0. Hence the proof is completed. h
Remark 3. Theorem 1 is also valid for the chaos synchronization between two identical chaotic systems with different initial
conditions, uncertainties, external disturbances and unknown parameters, if systems (1) and (2) satisfy fi(x) = gi(y) and
Fi(x) = Gi(y), i = 1,2, . . . ,n.
4. Numerical simulations

In this section, some numerical simulations are presented to validate the efficiency and effectiveness of the proposed
RASMC. Numerical simulations are carried out using the MATLAB software. The ode45 solver is used for solving differential
equations. The Lorenz [54], Chen [55], and Liu [56] systems are three well-known chaotic systems whose nonlinear equa-
tions are given by
Lorenz :

_x1 ¼ 10ðx2 � x1Þ
_x2 ¼ 28x1 � x2 � x1x3

_x3 ¼ x1x3 � 8=3x3

8><
>: ð37Þ

Chen :

_y1 ¼ 35ðy2 � y1Þ
_y2 ¼ 28y2 � 7y1 � y1y3

_y3 ¼ y1y3 � 3y3

8><
>: ð38Þ

Liu :

_z1 ¼ 10ðz2 � z1Þ
_z2 ¼ 40z1 � z1z3

_z3 ¼ �2:5z3 þ 4z2
1

8><
>: ð39Þ
In this study, three different pairs of chaotic systems (Lorenz–Chen, Chen–Lorenz, and Liu–Lorenz) are synchronized using
the proposed RASMC. In all cases, 0.6 cos t and �0.6 cos t disturbances are attached to the master and slave systems, respec-
tively. And the following uncertainties are added to the drive and response systems, respectively.
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Df1 ¼ 0:5 sinðpx1Þ
Df2 ¼ 0:5 sinð2px2Þ
Df3 ¼ 0:5 sinð3px3Þ

8><
>: ð40Þ
and
Dg1 ¼ �0:5 sinðpy1Þ
Dg2 ¼ �0:5 sinð2py2Þ
Dg3 ¼ �0:5 sinð3py3Þ

8><
>: ð41Þ
In the following examples, the vectors [0.25,0.25,0.25], [0.5,0.5,0.5], [2,2,2] and [1,1,1] are selected as the initial values of
the update vector parameters â; b̂; ĥ and ŵ, respectively. And, the coefficient e is set to 100. Furthermore, The vector of
switching gains k1, k2, k3 is chosen equal to [10,10,10].
4.1. Chaos synchronization between Lorenz and Chen systems with uncertainties, external disturbances and unknown parameters

To demonstrate the efficiency of the proposed RASMC in synchronizing the Lorenz and Chen systems with uncertainties,
external disturbances and unknown parameters it is assumed that the Lorenz system drives the Chen system. The master
and slave systems can be rewritten in the form of Eqs. (1) and (2) as follows:
_x ¼
0

�x1x3 � x2

x1x2

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
f ðxÞ

þ
x2 � x1 0 0

0 x1 0
0 0 �x3

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
FðxÞ

10
28

8=3

2
64

3
75

|fflfflfflffl{zfflfflfflffl}
h

þ
0:5 sinðpx1Þ

0:5 sinð2px2Þ
0:5 sinð3px3Þ

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Df ðx;tÞ

þ
0:6 cos t

0:6 cos t

0:6 cos t

2
64

3
75

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
dmðtÞ

ð42Þ
and
_y ¼
0

y1y3

y1y2

2
64

3
75

|fflfflfflfflffl{zfflfflfflfflffl}
gðyÞ

þ
y2 � y1 0 0
�y1 y1 þ y2 0

0 0 �y3

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
GðyÞ

35
28
3

2
64

3
75

|fflfflffl{zfflfflffl}
w

þ
�0:5 sinðpy1Þ
�0:5 sinð2py2Þ
�0:5 sinð3py3Þ

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dgðy;tÞ

þ
�0:6 cos t

�0:6 cos t

�0:6 cos t

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
dsðtÞ

þ
u1ðtÞ
u2ðtÞ
u3ðtÞ

2
64

3
75

ð43Þ
Therefore, using Eq. (7), the error dynamics can be expressed as:
_e1 ¼ _x1 � _y1 ¼ w1ðe2 � e1Þ þ ðh1 � w1Þðx2 � x1Þ þ 0:5 sinðpx1Þ þ 0:5 sinðpy1Þ þ 1:2 cos t � u1ðtÞ
_e2 ¼ _x2 � _y2 ¼ ðw2 � w1Þe1 þ w2e2 þ ðh2 � w2 þ w1Þx1 � ð1þ w2Þx2 � x1x3 � y1y3 þ 0:5 sinð2px2Þ þ 0:5 sinð2py2Þ
þ1:2 cos t � u2ðtÞ

_e3 ¼ _x3 � _y3 ¼ �w3e3 þ ðw3 � h3Þx3 þ x1x2 � y1y2 þ 0:5 sinð3px3Þ þ 0:5 sinð3py3Þ þ 1:2 cos t � u3ðtÞ

8>>><
>>>:

ð44Þ
Consequently, three sliding surfaces are selected as:
s1 ¼ 10e1

s2 ¼ 8e2

s3 ¼ 2e3

8><
>: ð45Þ
Subsequently, according to Eq. (27), the control inputs are taken as:
u1ðtÞ ¼ ŵ1ðe2 � e1Þ þ ðĥ1 � ŵ1Þðx2 � x1Þ þ ðâ1 þ b̂1Þsgnðs1Þ þ 10 tanhð1000e1Þ
u2ðtÞ ¼ ðŵ2 � ŵ1Þe1 þ ŵ2e2 þ ðĥ2 � ŵ2 þ ŵ1Þx1 � ð1þ ŵ2Þx2 � x1x3 � y1y3 þ ðâ2 þ b̂2Þsgnðs2Þ þ 10 tanhð800e2Þ
u3ðtÞ ¼ ŵ3e3 þ ðŵ3 � ĥ3Þx3 þ x1x2 � y1y2 þ ðâ3 þ b̂3Þsgnðs3Þ þ 10 tanhð200e3Þ

8><
>:

ð46Þ
The Lorenz and Chen systems are started with the initial conditions as follows: x1(0) = 6, x2(0) = 3, x3(0) = 7 and y1(0) = 2,
y2(0) = 7, y3(0) = 4.

Fig. 1 illustrates the synchronization errors of the Lorenz and Chen systems, where the control inputs are turned on at
t = 5 s. As one can see, the synchronization errors converge to the zero, which implies that the chaos synchronization be-
tween the Lorenz and Chen systems is realized. The time responses of the update vector parameters â; b̂; ŵ and are depicted
in Figs. 2–5, respectively. Obviously, all of the update parameters approach to some constants.
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4.2. Chaos synchronization between Chen and Liu systems with uncertainties, external disturbances and unknown parameters

In this case, the Chen and Liu chaotic systems are synchronized using the introduced RASMC. It is supposed that the Chen
system is the master system and Liu system is the slave system. These systems can be reformed using Eqs. (1) and (2) as
follows:
_y ¼
0
y1y3

y1y2

2
64

3
75

|fflfflfflfflffl{zfflfflfflfflffl}
f ðyÞ

þ
y2 � y1 0 0
�y1 y1 þ y2 0
0 0 �y3

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
FðyÞ

35
28
3

2
64

3
75

|fflfflffl{zfflfflffl}
h

þ
0:5 sinðpy1Þ
0:5 sinð2py2Þ
0:5 sinð3py3Þ

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Df ðy;tÞ

þ
0:6 cos t

0:6 cos t

0:6 cos t

2
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3
75

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
dmðtÞ

ð47Þ
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and
_z ¼
0
�z1z3

4z2
1

2
64

3
75

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
gðzÞ

þ
z2 � z1 0 0
0 z1 0
0 0 �z3

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
GðzÞ
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40
2:5

2
64

3
75

|fflfflfflffl{zfflfflfflffl}
w

þ
�0:5 sinðpz1Þ
�0:5 sinð2pz2Þ
�0:5 sinð3pz3Þ

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dgðz;tÞ

þ
�0:6 cos t

�0:6 cos t

�0:6 cos t

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
dsðtÞ

þ
u1ðtÞ
u2ðtÞ
u3ðtÞ

2
64

3
75

ð48Þ
According to Eq. (7), the error dynamics using can be developed as:
_e1 ¼ _y1 � _z1 ¼ h1ðe2 � e1Þ þ ðh1 � w1Þðz2 � z1Þ þ 0:5 sinðpy1Þ þ 0:5 sinðpz1Þ þ 1:2 cos t � u1ðtÞ

_e2 ¼ _y2 � _z2 ¼ ðh2 � h1Þe1 þ h2y2 þ ðh2 � h1 � w2Þz1 þ y1y3 þ z1z3 þ 0:5 sinð2py2Þ þ 0:5 sinð2pz2Þ þ 1:2 cos t � u2ðtÞ

_e3 ¼ _y3 � _z3 ¼ �h3e3 þ ðw3 � h3Þz3 þ y1y2 � 4z2
1 þ 0:5 sinð3py3Þ þ 0:5 sinð3pz3Þ þ 1:2 cos t � u3ðtÞ

8>><
>>:

ð49Þ
Then, three sliding surfaces are defined as:
s1 ¼ 20e1

s2 ¼ 20e2

s3 ¼ 5e3

8><
>: ð50Þ
Using Eq. (27), the control inputs are computed as:
u1ðtÞ ¼ ĥ1ðe2 � e1Þ þ ðĥ1 � ŵ1Þðz2 � z1Þ þ ðâ1 þ b̂1Þsgnðs1Þ þ 10 tanhð2000e1Þ
u2ðtÞ ¼ ðĥ2 � ĥ1Þe1 þ ĥ2y2 þ ðĥ2 � ĥ1 � ŵ2Þz1 þ y1y3 þ z1z3 þ ðâ2 þ b̂2Þsgnðs2Þ þ 10 tanhð2000e2Þ
u3ðtÞ ¼ �̂h3e3 þ ðŵ3 � ĥ3Þz3 þ y1y2 � 4z2

1 þ ðâ3 þ b̂3Þsgnðs3Þ þ 10 tanhð500e3Þ

8>><
>>: ð51Þ
The initial conditions for the Chen system are selected as: y1(0) = 6, y2(0) = 8, y3(0) = 10 and for the Liu system are chosen as:
z1(0) = 2, z2(0) = �2, z3(0) = 5.

The synchronization errors between the Chen and Liu systems are shown in Fig. 6, while the control inputs are acted at
t = 5 s. It can be seen that the synchronization errors converge to the zero, which indicates that the Chen and Liu systems are
indeed synchronized. The time evolutions of the update vector parameters â; b̂; ĥ and ŵ are displayed in Figs. 7–10, respec-
tively. It is clear that all update parameters converge to some fixed values.

4.3. Chaos synchronization between Liu and Lorenz systems with uncertainties, external disturbances and unknown parameters

Here, the efficiency of the proposed RASMC is verified by another example of chaotic systems synchronization. In this
case, the Liu system drives the Lorenz system. The reformulated form of the Liu and Lorenz systems are presented by
_z ¼
0
�z1z3

4z2
1

2
64

3
75

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
f ðzÞ

þ
z2 � z1 0 0
0 z1 0
0 0 �z3

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
FðzÞ
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2
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3
75

|fflfflfflffl{zfflfflfflffl}
h

þ
0:5 sinðpz1Þ
0:5 sinð2pz2Þ
0:5 sinð3pz3Þ

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Df ðz;tÞ
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3
75

|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
dmðtÞ

ð52Þ
and
_x ¼
0
�x1x3 � x2

x1x2
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|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
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þ
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2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
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|fflfflfflffl{zfflfflfflffl}
w
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|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dgðx;tÞ

þ
0:6 cos t
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|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
dsðtÞ

þ
u1ðtÞ
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2
64

3
75

ð53Þ
The error dynamics using Eq. (7) can be presented as:
_e1 ¼ _z1 � _x1 ¼ h1ðe2 � e1Þ þ ðh1 � w1Þðx2 � x1Þ þ 0:5 sinðpz1Þ þ 0:5 sinðpx1Þ þ 1:2 cos t � u1ðtÞ

_e2 ¼ _z2 � _x2 ¼ h2e1 þ ðh2 � w2Þx1 � z1z3 þ x1x3 þ x2 þ 0:5 sinð2pz2Þ þ 0:5 sinð2px2Þ þ 1:2 cos t � u2ðtÞ

_e3 ¼ _z3 � _x3 ¼ �h3e3 þ ðw3 � h3Þx3 þ 4z2
1 � x1x2 þ 0:5 sinð3pz3Þ þ 0:5 sinð3px3Þ þ 1:2 cos t � u3ðtÞ

8>><
>>: ð54Þ
Subsequently, three sliding surfaces are chosen as:
s1 ¼ 15e1

s2 ¼ 15e2

s3 ¼ 10e3

8><
>: ð55Þ
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Fig. 6. Synchronization errors of the Chen and Liu systems.

0 5 10 15
0

2

4

6

8

10

12

14

16

18

Time (sec)

α
1,

 α
2,

 α
3

α1
α2
α3

control in action

Fig. 7. Time response of the update vector parameter ba.
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Fig. 10. Time response of the update vector parameter bw.
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Then, the control inputs are derived using the Eq. (27) as follows:
u1ðtÞ ¼ ĥ1ðe2 � e1Þ þ ðĥ1 � ŵ1Þðx2 � x1Þ þ ðâ1 þ b̂1Þsgnðs1Þ þ 10 tanhð1500e1Þ
u2ðtÞ ¼ ĥ2e1 þ ðĥ2 � ŵ2Þx1 � z1z3 þ x1x3 þ x2 þ ðâ2 þ b̂2Þsgnðs2Þ þ 10 tanhð1500e2Þ
u3ðtÞ ¼ �ĥ3e3 þ ðŵ3 � ĥ3Þx3 þ 4z2

1 � x1x2 þ ðâ3 þ b̂3Þsgnðs3Þ þ 10 tanhð1000e3Þ

8><
>: ð56Þ
The Liu system is initialized with z1(0) = 5, z2(0) = �3, z3(0) = 10 and the Lorenz system is started with x1(0) = 10, x2(0) = 2,
x3(0) = 4.

Fig. 11 reveals the synchronization errors between the Liu and Lorenz systems, where the control inputs are activated at
t = 5 s. It can be observed that the synchronization errors regulate to the zero, which implies that the synchronization objec-
tive is achieved absolutely. The time responses of the update vector parameters â; b̂; ĥ and ŵ are appeared in Figs. 12–15,
respectively. One can see that the update parameters are bounded.



0 5 10 15
-20

-10

0

10

20

30

Time (sec)

e2

control in action

0 5 10 15
-20

0

20

40

60

80

Time (sec)

e3

control in action

0 5 10 15
-15

-10

-5

0

5

10

15

20

Time (sec)

e1

control in action

Fig. 11. Synchronization errors of the Liu and Lorenz systems.
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Fig. 12. Time response of the update vector parameter ba.
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Fig. 13. Time response of the update vector parameter bb.
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5. Conclusions

In this paper, the problem of practical synchronization of chaotic systems is investigated. In real world applications, there
are always some uncertainties and external disturbances in the system dynamics. Also, in practical or experimental situa-
tions, the system parameters are inevitably disturbed by external inartificial factors, such as environment temperature, volt-
age fluctuation, mutual interfere between components, and cannot be exactly known in advance. The synchronization may
be destroyed and even broken with the effects of these uncertainties. In this paper, therefore, the effects of the model uncer-
tainties, external disturbances and unknown parameters in synchronizing two different chaotic systems are fully taken into
account. An adaptive sliding mode controller is designed to robustly synchronize two different uncertain chaotic systems
with unknown parameters. Some numerical simulations are presented to show the applicability and feasibility of the pro-
posed scheme.

It is worth noting that three remarkable features of the proposed approach are: (1) it is robust with respect to the model
uncertainties, external disturbances and unknown parameters; (2) it can be easily realized and implemented in real world
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applications (for example in secure communication applications) without requiring the bounds of the model uncertainties,
external disturbances and unknown parameters to be known in advance; (3) it is well applicable for practical synchroniza-
tion of two different (or identical) chaotic systems even when both master and slave chaotic systems are disturbed by the
model uncertainties, external disturbances and unknown parameters.
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